Abstract. Starting from explicitly correlated wavefunctions, the one-body momentum density, γ ( p), and the expectation values δ( p) and p n , with n = −2 to +3, have been obtained for the atoms helium to neon. All the calculations have been carried out by using the Monte Carlo algorithm. An analysis of the numerical accuracy of the method has been performed within the HartreeFock framework. The effects of the electronic correlations have been systematically studied by comparing the correlated results with the corresponding Hartree-Fock ones.
Introduction
Position and momentum space properties provide complementary information to describe the structure of electronic systems. An important quantity in momentum space is the atomic one-body electron density, γ ( p), defined as 
where α i is the spin coordinate and ( p 1 α 1 , . . . , p N α N ) stands for the momentum space wavefunction. This quantity is the probability density function for an electron having a momentum p. Some of its radial expectation values, p n , have a special physical significance. The value p −1 is related to the height of the peak of the Compton profile, p 2 gives us twice the negative of the total energy of the atom due to the virial theorem, and p 4 is related to relativistic corrections. In addition, one can obtain from γ ( p) the atomic Compton profile, within the impulse approximation, which is an experimentally measurable quantity [1] . We shall denote its spherical average by (p).
Different calculations of the one-body momentum density have been carried out within the Hartree-Fock framework [2] [3] [4] leading to extensive tabulations of Hartree-Fock atomic momentum-space properties [5] [6] [7] [8] [9] . However correlated momentum space densities are more difficult to calculate. For two electron systems, γ ( p) has been obtained from explicitly correlated wavefunctions [10] [11] [12] . For atoms with three or more electrons, explicitly correlated wavefunctions have not been used to obtain γ ( p) due to the difficulties which appear in solving the different integrals involved in its evaluation. For them the calculation has been performed in a configuration interaction (CI) scheme for the lithium [13] , beryllium [14] and neon [15] isoelectronic series. Recently [16] , γ ( p) has been obtained for the atoms helium to argon working in this same scheme but expanding the single-particle wavefunctions in a basis set of Gaussian-type orbitals.
As is known, the Monte Carlo method allows one to evaluate the expectation value of any operator between wavefunctions of any type, becoming a powerful tool in quantum chemistry calculations [17] . Thus one can calculate different atomic properties by using an explicitly correlated wavefunction instead of using a large expansion in Slater determinants. The main aim of this work is, by using this method and working with explicitly correlated wavefunctions, to obtain local and global properties of the single-particle momentum density for the atoms helium to neon. Then an analysis of the effects of the electronic correlations on these quantities is carried out by comparing the correlated values with the corresponding Hartree-Fock ones.
The structure of this paper is as follows. In section 2 we show the expressions used to obtain the γ ( p) density and the method used to calculate its moments p n . In section 3 we describe the functional form of the wavefunctions we have worked with, giving their main properties. In section 4 we present the results obtained for the correlated single-particle momentum density, and, finally, in section 5 we give the main conclusions. Atomic units are used throughout this paper.
Monte Carlo method and momentum distributions
The one-body momentum density may be built from the momentum wavefunction but this is, in general, unknown if the position wavefunction depends explicitly on the interelectronic coordinates. Thus, to use the Monte Carlo method in these cases, we have expressed the momentum density in terms of the position wavefunction as 
To calculate γ α ( p) by means of the Monte Carlo method it is useful to use the identity
The function in the integrand can be chosen in different ways, but this particular choice (e −r 1 ) is very appropriate in studying the low-p region in several atoms [18] . The use of equation (4) allows us to write equation (2) as
where ω(τ ) stands for the distribution function used in the Monte Carlo sampling. We have used two different distribution functions in this paper. The first one has been chosen as | 1 (τ r , r 1 α 1 )| and the results obtained with it have been labelled as MC 1 . This distribution function works adequately except for describing the low-p region in the atoms beryllium, boron and carbon. The second one has been taken as exp[−r 1 ]| | 2 and has been introduced to improve the results in the low p region for beryllium, boron and carbon atoms. The results obtained when this distribution function is used are labelled as MC 2 . A more detailed description is given at the end of this section.
In general the Monte Carlo algorithm is able to calculate (p) (with a relative error less than or equal to 0.2 or 0.3%) up to a value p max 0 where it shows an oscillating behaviour around the exact density [19] (for example, for neon within the Hartree-Fock framework and working with 10 8 movements for each one of the electrons the oscillations appear for p 14 au). This behaviour means that the moments p n defined as
cannot be accurately obtained from the Monte Carlo calculation of (p). To avoid this problem we have numerically integrated until the point p max where the density is well determined and then, from this point to ∞, the integral has been carried out by using the asymptotic behaviour of the momentum distribution given by [20] 
To approximate the asymptotic behaviour of (p) we have used the coefficients C 8 , . . . , C 14 . .998 for lithium and boron, respectively, which gives us information about the accuracy in the results we can expect. Then, once we have obtained these results, and in order to calculate all the rest of the moments, we have normalized the momentum density to the number of electrons. Let us finally comment that the coefficients C j obtained from the different correlated wavefunctions have alternate sign, as happened within the Hartree-Fock framework [5] and by using CI wavefunctions [15] .
The method used here to determine the different momentum properties has been tested within the Roothaan-Hartree-Fock framework by using the wavefunctions tabulated by Clementi and Roetti [21] . In table 1 we show, for the atoms helium to boron, the values of (0) and the expectation values p n , n = −2, −1, 1, 2 and 3, obtained with the Monte Carlo quadrature (MC 1 row) as compared with the analytic results of García de la Vega and Miguel [6] . For helium and lithium the values of the density at the origin and the moments of negative order are quite well reproduced with the Monte Carlo method. However, for the beryllium atom the one-body momentum density is underestimated for low values of the momentum p as can be noticed from the values of (0) and the moments of negative order. This bad behaviour also holds for boron and carbon. To improve the results in that region we have used the second distribution function mentioned above. This distribution function amends not only the values of (p) for low values of the argument but also the behaviour of the intracule density in momentum space for low values of the interelectronic momentum, p 12 [22] . However the momentum density obtained with it starts to oscillate for smaller pvalues than in the other case. It is possible to exploit the correct behaviour of each one of the momentum densities obtained with the use of the corresponding distribution function by connecting them at an intermediate point. The results so obtained for beryllium and boron are also shown in table 2 (MC 2 row). The improvement in (0) and in the different momentum expectation values, mainly in p −2 and p −1 , is apparent. The atoms nitrogen to neon show the same behaviour as helium and lithium. 
Correlated wavefunction
The structure of the correlated wavefunction used in this work, , is the product of a symmetric correlation factor, F , which includes the dynamic correlation among the electrons times a model wavefunction, , that provides the correct properties of the exact wavefunction such as the spin and the angular momentum of the atom, and is antisymmetric in the electronic coordinates:
For the correlation factor we use the form of Boys and Handy [23] F = e i>j U ij (9) with
The set of values for m k , n k and o k determines the parametrization selected for the generalized Jastrow factor. In this paper we take the values proposed by Schmidt and Moskowitz [24] by using arguments based on the requirement of local current conservation. The correlation factor will have 7, 9 or 17 variational parameters corresponding to the configurations
2), (6, 0, 2), (4, 0, 4), (2, 2, 4) and (2, 0, 6). The first seven include electron-electron and electron-nucleus correlations, while the rest of the configurations take into account the electron-electron-nucleus correlations. The model wavefunction, , has been chosen in a variety of ways. In the first we have taken the Roothaan-Hartree-Fock wavefunctions tabulated by Clementi and Roetti [21] and the total wavefunction has been denoted by 7 , 9 and 17 . For beryllium, boron and carbon we have also considered the 2s-2p near degeneracy effect [25] by using the multideterminant wavefunction
where 1 and 2 are the Hartree-Fock solutions corresponding to the configurations 1s 2 2s 2 2p k and 1s 2 2p k+2 , respectively, and k = 0, 1, 2 for beryllium, boron and carbon, respectively. Here λ is a new variational parameter and the total wavefunction has been denoted by n,1 . Finally, for lithium and beryllium, we have also considered the variation of in the minimization process. In doing so does not satisfy the electron-nucleus cusp any more and therefore, to retrieve this property of the total wavefunction, we have also included the configuration (1, 0, 0) in the correlation factor, working with 8, 10 and 18 variational parameters. Thus, in these cases, the total wavefunction has been denoted as n and n,1 (with n = 8, 10 and 18) for lithium and beryllium, respectively. The ground state energy and different properties provided by these wavefunctions can be found in [19, 24, [26] [27] [28] . The best energy for each atom is obtained with 17 for helium and for nitrogen to neon (although for the latter the wavefunction 9 provides practically the same energy as 17 ), with 17 and 18 for lithium, with 17,1 and 10,1 for beryllium and, finally, with 17,1 for boron and carbon. However a detailed study of both the one-and the two-body densities in position space leads to the conclusions that 17 for lithium and 17,1 for beryllium provide densities that are very extended in space and that, although 7 recovers about 90% of the correlation energy for the lithium atom, it describes adequately both the single-particle and the electron pair densities [19, 27] . Besides, 9 and 17 , for the neon atom provide a quite similar single particle density, even a bit better for the former for large values of the electron coordinate.
Correlated single-particle momentum density
By using correlated wavefunctions we shall study both the spherically averaged momentum density, (p), and the radial momentum density I (p) = 4πp 2 (p). To analyse the effects of the electronic correlation we shall study the difference function
where n is the correlated momentum density obtained with any of the correlated wavefunctions we are working with and HF is the Hartree-Fock density. We shall also calculate the momentum density at the origin, (0), and the expectation values p n . First we study the atoms helium, lithium, beryllium and neon, comparing our results with others that we consider as exact. For the helium atom, the I n functions obtained with 7 , 9 and 17 are compared with the one obtained from a Hylleraas-type wavefunction [12] . As we can see in figure 1 , the functions 7 and 9 are not able to reproduce the first maximum, and only 17 provides a quite small one. In spite of that, the functions seem to converge to the exact one. In addition, the different expectation values reported in table 2 converge to the exact ones. In particular, 17 reproduces adequately the results considered as exact.
For the lithium atom, the different correlated wavefunctions used in this paper do not provide a set of convergent results in (p) for low values of the momentum, as can be noticed from the values in table 2. In figure 1 we plot the difference function I n for several correlated wavefunctions. Despite 18 recovering around 99% of the correlation energy, it reproduces only qualitatively the behaviour of the difference function I (p) as compared with the one of [13] where a CI wavefunction with the same correlation energy was used. We have found that only 7 (which provides about 90% of the correlation energy) is able to give acceptable approximations of both the different expectation values shown in table 2 and the I (p) function that can be considered as exact. At this point let us remark that both the one-and two-body densities in position space calculated with this wavefunction are of quite good quality [19, 27] , although 18 was considered as a better wavefunction because it provided both a much better energy and also a quite good description of the electronic distribution. Thus the electronelectron-nucleus correlations, which are present in n , n = 9, 10, 17 and 18, but not in 7 , distort the (p) distribution for small values of the momentum p in the lithium atom, not being able to provide a convergent set of results for this density.
The system for which the effects of the electronic correlations are more important is the beryllium atom. As we can see in figure 1 , the wavefunction 10,1 , which takes into account the electron-electron-nucleus dynamic correlation, the nondynamic one due to the 2s-2p near degeneracy, and has been determined by modifying the central part of the total wavefunction, is the only one that reproduces with great precision the details of the difference function considered as exact [14] . In addition, the different expectation values obtained with this wavefunction and shown in table 2 approach those considered as exact although a plot of Figure 1 . Difference function, I n , for the atoms helium, lithium, beryllium and neon obtained from (a) 7 , 9 and 17 for helium, (b) 7 and 18 for lithium, (c) 7 , 17,1 and 10,1 for beryllium and (d) 9 and 17 for neon. The results are compared with others, labelled as exact, obtained from a Hylleraas-type wavefunction for helium, and from a CI calculation for lithium, beryllium and neon.
the momentum density, (p), still does not superimpose on the one considered as exact for low values of the momentum p. In spite of its simplicity, 10,1 is able to reproduce the most important physical effects due to electronic correlations.
For the neon atom, we have calculated the momentum distribution with the wavefunctions 9 and 17 . The difference function derived from 9 is quite similar to that considered as exact [15] , as one can check in figure 1. At this point, let us remember that, for neon, 9 and 17 provide practically the same ground state energy [24] although the long-range behaviour of the single-particle position density, that can be extracted from the expectation values r n , n > 0, is a bit better determined by 9 [19] . Thus one can expect that the same happens for the short-range behaviour in momentum space, because the Fourier transform relates the wavefunctions in both spaces.
The effects of the electronic correlation in the one-body momentum density are well described by using the wavefunction 17,1 , which takes into account the 2s-2p near degeneracy [28] , for boron and carbon, and 17 for nitrogen to fluorine. The values of (0) and p n are shown in table 3, where they are compared with the Hartree-Fock ones and with those obtained in a configuration interaction scheme [16] . In figure 2 we plot the difference function I (p) for these atoms obtained with the wavefunctions mentioned above. As one can notice, the short-range p-behaviour of the difference function for boron and carbon is opposite to the one found for nitrogen to fluorine. Thus the correlations decrease the momentum distribution i for the best correlated wavefunctions used in this paper as compared with the Hartree-Fock ones [9] . The correlated expectation value p 4 compares quite well with previous calculations for all the atoms considered. Our results differ from those obtained by Alexander and Coldwell [26] with 17 for those systems which contain p-type orbitals.
A general result for all the atoms here studied is that the electronic correlations are important in the description of the one-body momentum distribution but they do not modify its properties of monotonicity found within the Hartree-Fock framework [2] [3] [4] . In particular, atoms helium to nitrogen have a monotonically decreasing momentum density, while atoms oxygen to neon have a momentum density with a local minimum at p = 0 and a maximum at p 0 > 0. For these three atoms we have compared in table 4 the correlated values of p 0 and (p 0 ) with the Hartree-Fock ones of [4] . As can be seen, the effect of electronic correlations is to shift the position of the maximum and to increase its value. This effect is more important in the fluorine atom.
Conclusions
By using the Monte Carlo algorithm, we have calculated the one-body momentum density and its radial moments for the atoms helium to neon starting from the explicitly correlated wavefunctions of Schmidt and Moskowitz [24] and a generalization of them to include the nondynamic effect due to the 2s-2p near degeneracy in the atoms beryllium, boron and carbon. We have also modified the central part of the wavefunction in the minimization process for the lithium and beryllium atoms.
The Monte Carlo method allows the numerical problems involved in the determination of the single-particle momentum properties to be solved. In those atoms for which precise data are available, the wavefunctions used in this work reproduce the effects obtained with more sophisticated wavefunctions.
For the helium atom the wavefunctions 7 , 9 and 17 provide a set of convergent results that lead to a good description of the one-body density. The lithium atom is a very difficult system to reproduce. The best results are obtained with 7 , which only includes electronelectron and electron-nucleus correlations. This type of wavefunction has been found to work adequately for light atoms [29] . The beryllium atom is the one for which the correlations show more important effects on the one-body momentum density; the wavefunction used to describe it, which includes electron-electron-nucleus correlations and takes into account the 2s-2p near degeneracy (the mean-field wavefunction has also been obtained in the optimization process), allows one to get a I (p) function that fits the one that can be considered as exact. For the other atoms, the results reproduce qualitatively the ones obtained in previous works. The wavefunctions used allow previous calculations to be reproduced adequately, including the expectation value p 4 for atoms that contain p-type orbitals.
